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ABSTRACT 
A conjecture of Fraenkel asserts that any partition of the positive integers into M 2 3 sets {lain + 
piJ},“=, - Beatty sequences-with real constants o, and pi, and at > cr2 > > o, > 1 satisfies 
2” - 1 
ff,=2”> l<i<m. 
Fraenkel’s conjecture was proved using balanced words by Tijdeman for m = 3, by Altman, Gaujal 
and Hordijk for m = 4 and by Tijdeman for m = 5, 6. We use an approach similar to the last one to 
settle the conjecture for seven sequences. 
1. NOTATIONS AND BASIC FACTS 
We define the natural numbers to be { 1,2, . . .}, and denote this set by N. 
A Beatty sequence is defined by s(a, /3) := {[GUI + p]}:,, where (Y > 1 and p 
are arbitrary real constants, and LX] is the integer part of x. Such sequences can 
be seen as generalizations of arithmetic progressions, for if (Y is integral, then 
s(a, ,L3) is an arithmetic progression. 
We search for partitions of N such that each class forms a Beatty sequence. 
Fraenkel[2] noticed that there is an example for each m. 
*Research partially supported by OTKA Grant T.34475. 
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Lemma 1.1. Let 
Then the sequences ofform S(ru;, /$) partition the natural numbers. 
There is no essentially different example known partitioning the natural num- 
bers into at least three Beatty sequences. Based on this fact Fraenkel made the 
following conjecture. 
Conjecture 1.2. Let (~1 > cy2 > . . . CY, be positive real numbers, and let m > 3. [f 
there are real numbers /?I, ,&. . . pm, such that the sequences S(cu;, /?i) partition 
the natural numbers, then (1) holds. 
Fraenkel formulated another conjecture in [2]. 
Conjecture 1.3. If the sequences S(ai, ,f3t) (1 5 i 2 m) partition the natural num- 
bers, and m > 3, then ? is an integer for some i # j. 
Conjecture 1.2 implies Conjecture 1.3, and there is no complete proof known 
for any of them. The present paper considers Conjecture 1.2. We collect here the 
most important results and relevant facts for us. 
Theorem 1.4. (Mirsky, Newman [6]) Assume that for some integers {ai}rl the 
sequences {S(oi, pi)}L, partition the natural numbers. Then a; = aj for some 
ifj. 
Theorem 1.5. (Graham [3]) Ifany a-parameter is irrational, then thepartitions of 
the natural numbers for at least three Beatty sequences are the following. 
(3) {S(W ai, albi + ,#1)}~~1 U {S(a2aj, a2$ + a)};=,, 
where {S(ai, bi)}i=, , {S(ai, bj)}T=, and {S(CYI, ,&), S(c-rz, &)} are arbitrarypar- 
titions of the natural numbers for Beatty sequences, ai, bi (1 5 i 5 r) and 
a:, bj (1 < j 5 r’) are integers, al, (~2 irrational. 
These two theorems together imply Conjecture 1.2, whenever ai is irrational for 
some i. The main result of our paper is the following affirmation of a special 
case of Fraenkel’s conjecture. 
Theorem 1.6. If there is apartition {S(at, /?i)}E, of the natural numbersfor some 
rational (~1 > > CY,, and 2 < m 5 7, then (1) holds. 
The case m = 3 was first proved by Morikawa [4], m = 4 by Altman, Gaujal and 
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Hordijk [l], while the case m 5 6 by Tijdeman [7]. Our proof of Theorem 1.6 is 
based on the methods of Tijdeman and extends his results. We need the concept 
of balanced words. In the next section we describe the fundamental properties 
of balanced words and its connection to Beatty sequences. 
1.1. Balanced words 
We follow Tijdeman’s paper [7]. The upcoming lemmas and proofs are modified 
and perhaps simplified versions of the ones there. When a proof is omitted, we 
refer to [7]. In fact Tijdeman uses some definitions in a slightly different way, 
but the proofs are also valid in our case. 
Lemma 1.7. Let I be an interval of the natural numbers of length k, and let 
,8 < min(l). Then S(cy, /3) contains I$, or [i] elements of Z. 
The previous lemma motivates the following definitions. 
A set S of positive integers is called balanced if the number of elements of S in 
any two blocks of equal length differ by at most one. 
A word on Q is defined as a surjective function W : N + Q. A word is bal- 
anced if the inverse image of each letter is a balanced set. 
Example 1.8. The following sequences are balanced words: 
(4) abacabadabacabaabacabadabacabaabac... 
(5) aabababababa . . . 
Observe that (4) corresponds to the construction of Lemma 1.1, when m = 4. 
Lemma 1.9. Let S(ai, ,/Ji)Ll partition the natural numbers with ratjonalpara- 
meterscul,... am, andlet Q = {qi]l 5 i 5 m}. Then W: N -+ Qdejnedbyn-qi 
whenever n is in the sequence S(ai, pi), is a periodic balanced word. 
Proof. By Lemma 1.7 the word W is balanced. Set oi = $ with ai, bi coprimes. 
Since S(CE~, &)(n + bi) = S(oi, @i)(n) + ai, the word W is periodic with period 
Not all balanced words give rise to such a partition, see (5). There are some re- 
lated results and further references listed in [7]. 
Let W be a periodic balanced word over Q with period length a. Suppose the 
letter q E Q appears b times in a period. Then rq := i is called the rate of q. 
Notice that if W corresponds to a partition as in Lemma 1.9, then r4, = ai. The 
rate of a letter a is roughly speaking the average distance between two consec- 
utive a’s. 
Henceforth we assume the rates of the letters to be different. Immediate 
consequence of the definition is that CqEP $ = 1. 
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Lemma 1.10. Let W be a periodic balanced cvord over Q. Suppose I is an interval 
of the natural numbers qf’length 8. Then,for any.fi.xed q E Q the number qf‘q :s in I is 
[:J Or 161. 
Proof Let a be the length of the period. Consider the intervals 
Z, I + 4:. I + (a - I)!. These are of equal length. Let d and d + I be the pos- 
sible number of q’s in a period. The above intervals cover precisely t periods 
together. Hence ad I $ < a(d + 1). This yields d I ; 5 d + 1, implying the 
claim if: is not an integer. If it is an integer, then the number of q’s in I is t and 
the statement holds. 0 
Lemma 1.11. Let W be a periodic balanced word over Q. For any q E Q the dis- 
tance between a particular q and the kth consecutive q is LrBkj or [rykl. 
Proof. Set d to be the distance in question. Let It be the interval strictly be- 
also containing the terminal 
1. Since k is an integer, we 
kr, - 1 < d < kr, + 1, im- 
plying the claim. 0 
Lemma 1.12. Let W be aperiodic balanced word over Q, and 41, q2 E Q. Between 
xed q1 and the kth consecutive q1 the letter q2 appear either or 
times. 
Proof Let a denote the length of a period, and set b = $ to be the number of 
41’s in a period. Let It, 12, . Zb be consecutive intervals beginning with a yt, 
containing q1 precisely k times, such that the next letter after Zb is also a 41. 
These intervals are not automatically of equal length, but we can make them so 
by deleting a q1 from the beginning or adding a ql to the end. Meanwhile the 
number of q2’s contained in the intervals does not change. The intervals cover 
precisely k periods together. We can finish the proof as we did it in Lemma 
1.10. cl 
Remark 1.13. Notice that whenever the upper and lower integer parts differ in 
Lemma 1.10-l. 12, then both values occur. 
We recall the following four lemmas and refer to the original papers for the 
proofs. We use these results in the next section. 
Lemma 1.14. (Lemma 4 of [7]) Let W be a periodic balanced word over Q. !f 
there exist a, b E Q with some k, l E Z, and Lkraj = [fJrhj, then kr, = f&. 
This implies that a letter of a periodic balanced word is determined by the in- 
teger part of its rate. Henceforth we assume that Q c Z, and if a E Q, then 
[ruj = a. 
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The following Lemma is based on [5]. In this form it was proved by Tijde- 
man. 
Lemma 1.15. (Theorem 2 of [8]) Let Wbe aperiodic balanced word over Q. If1 E 
Q and q < i, then IQ] < 3. 
Lemma 1.16. ([8]) Suppose Wis a balanced word over a three-element alphabet Q. 
Then Q = (1, 3, 7}, andrl=z,rs=i,r7=7. 
Lemma 1.17. (Lemma 3 of [7]) Let Wbe aperiodic balanced wordover Q, and set 
a := min Q. If ra 5 3, then W’ is also aperiodic balanced word, where W’ is ob- 
tainedfrom Wby deleting the a’s. 
This is the starting point for considering a possible counterexample to Con- 
jecture 1.2. 
Lemma 1.18. Let W be aperiodic balanced word over Q. Suppose the rates of the 
letters are not identical to (l), and IQ] > 3 is minimal. Then r4 > 3 for any q E Q. 
Proof. We know that ]Ql > 3 by Lemma 1.16. Let a and b E Q, be the letters 
with smallest and second smallest rate. Suppose r, < 3. 
Let W’ denote the word obtained from W by deleting the a’s. The word W’ is 
balanced by Lemma 1.17, and the minimal choice of W guarantees that the 
rates of W’ are of form (1). In this case the rates (in 8’) of the letters different 
from a are Tb, 2rb,. . . 21Qt-2Yb. To get contradiction it suffices to prove 2r, = rb. 
The rate of b in W’ is 4 < 2, whence by Lemma 1.11 there are two consec- 
utive b’s in W’. There are only a’s between these b’s in W. Also by Lemma 1.15 
there are at most two consecutive a’s, giving b < 3. Since a < b, either a = 1 or 
a = 2. The latter contradicts the existence of consecutive a’s, so necessarily 
a = I. 
Using Lemma 1.10 we know that any interval of length four contains at least 
two a’s. An interval containing two consecutive b’s has length at least four. 
Hence there are at least two a’s between any consecutive b’s. Also more is not 
possible, hence 2r, = rb. 0 
2. PARTITION TO SEVEN SEQUENCES 
Our goal in this section is to prove Theorem 1.6. The method is excluding all 
cases in many steps. By Lemma 1.9 it suffices to show for IQ] 5 7, that the rates 
of the letters in a periodic balanced word W over the alphabet Q are of form (1). 
Suppose W is a counterexample. By Lemma 1.18 we may assume that 
mm(Q) > 3. 
We use the following concept: in a word the kth neighbour of a given letter is 
the kth occurrence of the same letter in a fixed direction. 
Extending Lemma 5 of [7] we prove a general result on the non-existence of 
words containing (3, 4, 5). 
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Lemma 2.1. There e.uists no periodic hulunced word over the dphahrt Q. iI 
(3, 4. 5} C Q. 
Proof. Suppose W is a counterexample. It was shown in the proofof Lemma 5 
of [7], that we may assume that the following pattern appears in W: 
The o-s represent arbitrary letters, and we use the tiny numbers to refer to the 
positions. 
The distance between the 3’s in position 2 and 18 is 16, while between those in 
positions 6 and 21 is 15. Thus the fourth neighbour of the 3 in position 18 is either 
33 or 34 by Lemma 1.11. As the distance of two consecutive 3’s is either 3 or 4, the 
only possible places for the next three 3’s after 21 are 25. 29 and 33. The distance of 
two consecutive 5’s is either 5 or 6, so the next 5 after 19 must be 24. The distance 
of the 5’s in I and 19 is 18, while the distance of 7 and 24 is 17, which yields that 
there are 5’s in positions 30 and 36, as 35 is impossible. The distance of 35 and 19 
would be only 16. 
4 5 6 7 x 9 IO I, 
; 3 : 0 
I? 13 14 IS 16 17 IX 19 20 
0354030453004350 
21 22 23 24 25 26 27 2x 29 30 31 32 13 34 35 36 
3405300035003005 
The distance of two consecutive 3’s is either three or four, therefore 37 must be 3. 
The distance of two consecutive 4’s is either four or five, and none of 29, 30, 36 
and 37 is 4, thus neither 32 nor 34 is 4. Hence one of 31 and 35 must be 4, but this 
implies the other to be 4 as well. The distance of the 4’s in 12 and 22 is ten, thus 
the 4 in 3s and 31 imply 27 and 39 not to be 4. Therefore 26 and 40 are 4’s: 
; ; I 0 4 0354030453004350 5 6 7 x Y 10 I, I2 I3 14 I5 I6 17 IX 19 ?I, 
21 22 23 24 25 26 27 28 29 30 3, 32 13 34 3s 36 37 38 39 40 
3 4 0 53400354030453004 
There is a 3 in 37 and a 5 in 36, hence 41 is 3, and 42 is 5. One of 44 and 45 is 3, and the 
other is 4, and there can not be 3,4 or 5 in 46. 
We have found, that wherever the pattern from I to 23 appears, the next 23 
letters form the same pattern, or a similar one, which only differs in inter- 
changing the last two letters, a 3 and a 4. The same can be proved about the 
pattern gained by transposing the last two letters. 
Thus the letters of W different from 3,4,5 lie in the positions 4, 5, 9, II, 15, 16, 20 
and 23 (mod 23). The distance to the left neighbours of 9 (mod 23) are 4,5,9, 12, 
16,17,21 or 23 (mod 23) whiie the distance to its right neighbours are 2,6,7, 11, 
14,18,19 or 23 (mod 23). Therefore 9 (mod 23) must be 5,11,17,22 or 23 (mod 
23). 
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If 9 (mod 23) is 5 (mod 23), then its left neighbour stands in 4 (mod 23). Thus 
its second neighbour is at distance 10 or 11 (mod 23) so in 21 or 22 (mod 23) 
which gives a contradiction. 
If 9 (mod 23) is 17 (mod 23) then its first right neighbour stands in 4 (mod 23). 
Thus the second neighbour is at distance 35 or 36 (mod 23) so in 21 or 22 (mod 
23), which is impossible. 
We conclude that the first neighbours of the letters in the positions 9 (mod 23) 
can occur in positions 9 and 20 (mod 23) only. The same can be verified about the 
positions 20 (mod 23). Thus all letters in these positions have all occurrences in 
these positions. We observe that in the word containing only the letters in po- 
sitions 9 and 20 (mod 23) any given letter constitutes an arithmetic progression. 
By Theorem 1.4 this implies that all letters are the same in these positions, thus 
they are 11 ‘s. Using the argument again, the same can be proved about the po- 
sitions I I and 23 (mod 23) giving a contradiction. •i 
We repeat Lemma 6 of [7] in an extended form. 
Lemma 2.2. There exists no periodic balanced word over the alphabet Q ij’ 
(3, 4, 6, 7) C Q. 
Proof. Suppose W is a counterexample. As r6 < r-7 the following pattern ap- 
pears somewhere in W: 
6 I 8 Y IO 
o 6 I 
If there were two 4’s in the interval 4-8, then these would be in positions 4 and 8, 
but then the 3’s can not be placed anywhere. Thus there is only one 4 in the in- 
terval 4-8, which implies that I, 6 and 11 are 4’s. Consequently 4, 8 and 12 are 3’s: 
The right-next occurrences of the letters 3,4 and 6 can only be in IS or 16, which 
is a contradiction. 0 
The following Lemma is proved with the aid of a computer program, and we 
deal with it in the next section. 
Lemma 2.3. If W is a periodic balanced word over Q, then IQ/ > 7 if one of the 
following holds: 
a, (3, 4, 6) C Q, 
b, (3, 4, 7) C Q, 
c, (3, 4, 8) C Q. 
Our goal is to exclude the common appearance of 3 and 4. The following claim 
finishes the last subcase. 
15.5 
Lemma 2.4. !f { 3, 4. 9, 10) C. Q and W is (I periodic hulanced word over Q, then 
IQ1 > 7. 
Proof. Assume to the contrary, that IQ1 < 7. As rg < r10, there are two con- 
secutive lo’s, having two 9’s between them. If t-3 > 3.5, then CqEe h < & + $ + 
$ + & + & + & + & < 1. Thus rj < 3.5, and because of symmetry, the 3’s can be 
placed essentially in two different ways between the 10’s. 
Case 1: 
As the positions I, 2 and 3 are not empty, 6 and 7 can not be 4. Thus 4, 9 and 14 are 
4’s, and 15 is 3: 
In the positions 6, 7, IO and 16 there are different letters, and by the previous 
lemmas 5,6,7, 8 $Z Q. Thus IQ1 2 8, a contradiction. 
Case 2: 
k 
5 
;o ; 
; 
: 1 x 9 IO II I2 13 14 I5 I6 17 
0 0 3 0 0 3 9 10 0 0 0 
Since the distance of consecutive 4’s is at most 5, I and 6 are 4’s. Thus one of IO 
and II is 4, and the other is greater than 10. Among 15, 16 and 17 there can be a 3 
and a 4, but the third must be greater than 10. Similarly 7 and s are also greater 
than 10, and in these four positions there stand different letters, which contra- 
dicts to IQ1 < 7. q 
We summarize the results to exclude the first portion of possibilities. 
Lemma 2.5. If (3, 4) & Q and W is a periodic balanced word over Q, then 
IQI > 7. 
Proof. Assume to the contrary, that IQ/ <: 7. Lemma 2.1-2.4 yield 5,6,7,8 6 Q, 
and only one of 9 and 10 can be a member of Q. Using these results we observe 
that r-3 < 3.2, and r4 < 4.33, for otherwise CqEe i _ 3.2 <l+$+b+&+h+h+ 
A< 1, respectively CqEP k _ s < I-t&+i+&+h+&+b< 1 leads to a con- 
traciction. 
Thus by Lemma 1.11 the distance to the third neighbour of a particular 4 can 
be at most 13 ‘4.331 = 13, also there exists a 4, whose third neighbour is 12 
away. This can be realized only in the following way: 
In the interval 1-13 there are at least \$-$I = 4 pieces of 3’s, therefore there are at 
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least two 3’s between two consecutive 4’s somewhere, which is a contra- 
diction. 0 
We prove the next statement in Section 3. 
Lemma 2.6. If W is a periodic balanced word over Q, then 1 Qj > 7 if one of the 
following holds: 
a, 13, 5, 6) C Q, 
b, (3, 5, 7) C Q. 
Our goal now is to exclude the common appearance of 3 and 5. The following 
claim finishes the last subcase. 
Lemma 2.7. If (3, 5, 8, 9) & Q and W is a periodic balanced word over Q, then 
IQI > 7. 
Proof. Assume to the contrary, that IQ1 I 7. Using Lemma 2.5 and 2.6 we no- 
tice that rs < 3.5. Otherwise CqEe $ _ 3.5 <‘+i+$+$+&,+&+h < 1 leads to 
a contradiction. Furthermore r, < rg yields that the following pattern occurs in 
W: 
;;:o:::: 4 CJ 9 k” b: 
We know that in the interval I-II there are at least 121 = 3 pieces of 3’s. They 
must be 6 and 9. Then in 3, the positions 4, 5 and 7, 8 there can not be a 5, since in 
9, 10~ I I and I, 2, 3 there are other letters. This is a contradiction. 0 
Now we can exclude another portion of cases. 
Lemma 2.8. If (3, 5) C Q and W is a periodic balanced word over Q, then 
IQI > 7. 
Proof. Assume to the contrary, that IQ1 _< 7. Lemma 2.5-2.7 yield 4, 6, 7 $ Q, 
and only one of 8 and 9 is a member of Q. This implies r-3 < 3.1 and r-5 < 5.25, as 
otherwise C 4EQ$<Jli.+f+$+$+&+h+&< 1 orCqtQ$S$+&+$+ 
h + & + h + & < 1 leads to a contradiction. Now we can deduce that the fol- 
lowing pattern occurs in W: 
; : : ; : : ; : 
9 II 12 I3 I4 I5 I6 17 I8 19 
o~oo3003003 
It follows from 15. r3J = 13 . r-51 = 15 and Lemma 1.14, that 5rs = 3r5, thus 
between any 3 and its fifth neighbour there are exactly three 5’s. Thus between I 
and 16 there are at least three 5’s, and they must be one of the members of the 
following pairs of positions: (2, 3); (8, 9); (14, IS). Considering the interval 4-19 
yields that either 17 or 18 is 5, being too close to 14, 15 a contradiction. El 
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The next step is when 3 and 6 are the smallest members of Q. We collect the 
results in three statements. 
Lemma2.9. y’(3. 6, 7. 8) 5: Q, und W is a periodic balanced word over Q. then 
IQ1 > 7. 
Proof. Assume to the contrary, that IQ/ I 7. Lemma 2.5 and 2.8 yield 4, 5 6 Q. 
The following pattern appears in W: 
In the interval 6-11 there are exactly two 3’s, and one 6. In the remaining three 
positions there are different letters, thus all elemnts of Q occur in the interval 4- 
II. There is at most one 3 and one 6 in the positions I, 2, 3 and 14, IS, I6 res- 
pectively. Hence two supplementary letters occur twice in 1-16. These can only 
be 9 and 10. We may assume that 6 and 16 are 10’s. Then 3 and 7 must be 3’s: 
I 2 
; ii ; ,a ; : 
v 10 II 12 13 14 IS 16 17 IX 
0 0 0 0 o 7 8 o o 10 o o 
Observe that 17 and 1x are none of 6, 7, 8 or 10. None of them can be 9 either, 
since there is a 9 in IO or II. Also none of them can be greater than 10, since all 
these letters occur between the positions x and II. Not both 17 and 18 can be 3, so 
we get a contradiction. 0 
Lemma 2.10. If (3, 6, 7) 2 Q and W is a periodic balanced word over Q, then 
IQ1 > 7. 
Proof. Assume to the contrary, that 1Ql I 7. Lemma 2.5,2.8 and 2.9 yield 4, 5: 
8 # Q. Now r3 < 3.33, for otherwise CqEQ t _ 3,33 <l+;+f+b+&j+&+h< 1 
leads to a contradiction. The following pattern appears in W: 
Between 4 and s there are exactly two 3’s, Using r3 < 3.33 we observe that I and 
II must be 3’s. Because of symmetry we may assume that 4 is 3, as between s and 7 
there can be only one 3. Then in the positions 5-10 and 12, 13 all letters are distinct, 
which is a contradiction. 0 
With the next proposition we are able to exclude 3 from the members of Q. 
Lemma 2.11. Zf (3, 6) C Q and W is a periodic balanced word over Q, then 
IQ1 > 7. 
Proof. Assume to the contrary, that IQ1 5 7. Lemma 2.5,2.8 and 2.10 yield 4, 5, 
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7 6 Q. Thus 8, 9, 10, 11 E Q, as otherwise cqEe $5 i+i+i+i+$,+&+ 
h < 1 leads to contradiction. Then the following pattern must appear in W: 
111 1; : 0 4 d 0 6 :, 0 8 0 9 IO 0 II 0 10 12 11 I3 
In the interval 3-11 there are at most I$ = 3 pieces of 3’s. Thus E < 4, which 
yields ~3 > 3.25, and CqEP t <-&+i+i+$+&+&+h< 1 which is a 
contradiction. 0 
We turn to the few remaining cases to complete Theorem 1.6. 
Lemma 2.12. Zf (4, 5, 6) C Q and W is a periodic balanced word over Q, then 
IQ1 > 7. 
Proof. Assume to the contrary, that IQ/ I 7. Lemma 2.5 yields 3 6 Q. The fol- 
lowing pattern must appear in W: 
12 3 4 5 6 7 8 9 IO 11 12 I3 14 
0006500oo56ooo 
In the positions 1-3, 6-9 and 12-14 there are three 4’s, and there are neither 5 nor 6. 
Thus three of the other four letters of Q appear twice among the remaining 
seven positions, since none of them may appear three times. Three letters 
greater than 6 occur beteen 6 and 9. At least two of them occur also in 1-3. 12-14. 
These conditions can be satisfied only in 7,8 E Q. 
Thus we find the following pattern in W: 
1 2 3 4 5 6 7 8 9 IO 11 I2 13 I4 I5 16 
0008700000 078000 
Between 4 and 13 there are at least [y] = 2 pieces of 4’s. Hence 6 or II is 4, and 
there is no 5 at I, 6, 7, lo, II, 16. In each of the intervals 1-6 and II-16 there is a 5. 
These can be in 2 or 3 and in 14 or IS respectively. In the interval 2-15 there are at 
least two 6’s, because of symmetry we may assume that one of them is in 14 or 15. 
There are two cases: 
Case 1: 
I 2 3 4 5 6 7 8 9 10 ll 12 13 I4 I5 I6 
0008700000 478654 
In 20 and 21 there is a 4, a 5 and a 6, which is a contradiction. 
Case 2: 
I 2 3 4 5 6 7 8 9 10 I, 12 13 14 15 16 
ooo87ooooo 478564 
Then in the interval 19-22 each of the 4, 5, 6, 7 and 8 should occur, which is a 
contradiction. 0 
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Lemma 2.13. Jf‘ (4, 5) C Q and W is a periodic balanced word over Q, then 
IQI > 7. 
Proof. Assume to the contrary, that IQ/ 5 7. Lemma 2.5 and 2.12 yield 3, 
6 6 Q. The following pattern appears in W: 
In the positions 7-9, 12 and 13, there are different letters. Hence all letters but 4 
and 5 occur in these positions. Then the two letters in 3, 4 and 12, 13 are the same. 
consequently one of them is less than 9. In I, 2, 14 and 15 there are two 4’s, and the 
other two letters occur between 7 and 9, so they are less than 9. Therefore they 
must be the same, so we got: 
; 
: 
: 4 5 6 7 8 9 1”  ,I I2 13 14 I5 Ih 17 
05407045004700 
Then 3, 4, 12 and 13 are less than 11, and two of them are 8’s. One of 16 and 17 is 5, 
and the other one is the same as 7, so it must be less than 11. Similarly 9 is less 
than 11, that is altogether a contradiction. 0 
In the view of the statements at the very beginning of the section, with the fol- 
lowing proposition we complete the proof of Theorem 1.6. 
Lemma 2.14. Zf W is a periodic balanced word over Q and min Q > 3, then 
IQ1 > 7. 
Proof. Assume to the contrary, that IQ/ I 7. There are three cases: 
Case 1: 3 E Q. 
Lemma 2.5,2.8 and 2.11 yield 4, 5,6 $ Q. Therefore CqEe k 5 f + i + i + $ + 
& + IrI + I$ < 1, which is a contradiction. 
Lemma 2.5 and 2.13 yield 3,5 $ Q. Therefore CYEQ $ I f + d + f + 8 + $ + & + 
IrI < 1, which is a contradiction. 
Case 3: 3,4 $ Q. 
ThenC4te~<~+d+f+~+~+~+ili-< 1,acontradiction. q 
3. EXCLUSION WITH A COMPUTER 
The previous section showed how to prove statements we need, what kind of 
ideas can be used. However Lemma 2.3 and 2.6 seem rather long to prove, so we 
prepared a computer program doing the case-by-case check. The program is 
available (with a short manual) on the Internet, see 191. It uses an algorithm 
based on Lemma 1.10-1.12. It can also run in demonstration mode, where one 
can follow the process step by step. After each step a short reasoning is given. 
The program either excludes a given pattern of letters to be a part of a balanced 
word of length given by the user, or it gives a couple of lists. Each of these lists 
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consists of the letters in some extension of the given pattern occurring in a 
balanced word of given length. 
Proof. If one of the premises in Lemma 2.3 or 2.6 holds, then one of the fol- 
lowing patterns (or its inverse) occurs in the word: 
6 4 3 o o 3 4, 
4 3 6 o 3 4, 
14 3 0 0 3 4, 
4 3 7 0 3 4, 
8 0 4 3 0 0 3 4, 
8 4 3 0 0 3 4, 
4 3 8 0 3 4, 
6 5 3 o o 3 5 6, 
1 5 3, 
3 1 5. 
We asked the program to extend each of the patterns to 100 positions using at 
most 4 additional letters. Only the case 6 4 3 o o 3 4 was not excluded in this 
way. The program found that when this pattern occurs in a balanced word, then 
the word consists of the letters 3, 4, 6, 7, 9, 18, 19. This is excluded by Lemma 
2.2. 0 
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